D=4 Extended Galilei Superalgebras with 
Central Charges 

JERZY LUKIERSKI 

Institute for Theoretical Physics 
University of Wroclaw, pi. Maxa Borna 8, 
50-204 Wroclaw Poland 
lukier@ift.uni.wroc.pl 

Abstract 

We perform a nonrelativistic contraction of iV-extended Poincare 
superalgebra with internal symmetry U(N) and general set of N(N — 
1) real central charges. We show that for even N = 2k and partic- 
ular choice of the dependence of Zij on light velocity c one gets the 
TV-extended Galilei superalgebra with unchanged number of central 
charges and compact internal symmetry algebra U(k;H) = USp(2k). 
The Hamiltonian positivity condition is modified only by one central 
charge. If we put all the central charges equal to zero one gets the 2k- 
extended Galilei superalgebra as the subalgebra of recently introduced 
extended Galilei conformal superalgebra [U [2] . 

1 Introduction 



The Galilean symmetry is the fundamental geometric property of the non- 
relativistic systems. For the description of quantized massive d-dimensional 
nonrelativistic systems one uses the Galilean projective representations (see 
e.g. [3j), obtained in the presence of central extension of D — d + 1 Galilei 
algebra. Such centrally extended Galilei algebra is called quantum Galilei or 
Bargmann algebra. The case D = 2 + 1 is a special one, it permits to add 



1 



second "exotic" central charge 9 [HE], introducing the noncommutativity of 
two-dimensional Galilean boosts generators^. 

In this paper we derive the most general supersymmetric extension of 
D = 3 + 1 Galilei algebra. We recall that d = 3 Galilei algebra has the form 
(i,j,k = 1,2,3) 



[P h Bj] = i 5 l3 m [P 4 , Pj) = [B it Bj] = 

[hi dj\ i £-ijk Ik 

[hi Pj] = i £ijk Pk [hi Bj] = i Eijk Bk 

[H,B i ]=iP i [H,h] = [H,Pi} = , (1) 

where Pj describe momenta, Bi - Galilean boosts, H - the energy operator 
(Hamiltonian) and h generate 0(3) rotations. It is well-known that the 
Galilei algebra (TjQ) can be obtained from D = 4 Poincare algebra (P^ = 
(Pi,Po), M^ v = (Mi,Ni)) by the relativistic contraction c — > oo j7] if we 
perform the following c-dependent rescaling (Pi, Mi remain unchanged) 

TT 

N i = cB t p = C m + — . (2) 

c 

In this paper we shall extend such a contraction procedure to the iV- 
extended D = 4 superPoincare algebra with maximal number of N(N — 1) 
real central charges [3 [9]. In derived iV-extended Galilei superalgebra the 
generators (H, Pi, Bi) and the N(N — 1) real central charges can be expressed 
as bilinears of supercharges. We add that such superalgebra we could derive 
our superalgebra only for even iV (N = 2k). 

The first attempt of supersymmetrizing the D = 3 + 1 Galilei algebra 
was made by Puzalowski [TU], who considered N = 1 and N = 2 cases. We 
recall that already in seventies the Galilean symmetries were extended to so- 
called Schrodinger symmetries of free quantum-mechanical systems [HI [12] 
by supplementing Galilei algebra with two additional generators: D (dilata- 
tions) and K (extensions, describing conformal time transformations). The 
Schrodinger algebra was then supersymmetrized (see e.g. [I3]-[T9]) and in 

1 In [6] it was shown that the second central charge 9 can be interpreted as describing 
the noncommutativity of d = 2 space coordinates. 
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such the Galilei superalgebra can be obtained as the sub-superalgebra. 

However in such a way the iV-extended supersymmetrization of D = 3 + 1 
Galilei algebra has not been described in its general form, because the pres- 
ence of additional generators D, K in Schrddinger superalgebra does not per- 
mit to introduce all central charges, allowed by SUSY extension of smaller 
Galilei algebra. The general consideration of the supersymmetrization of 
Galilei algebras has been presented only for "exotic" D = 2 + 1 case in [20J. 
In this paper we shall firstly obtain the complete results in the "physical" 
case D = 3 + 1. 

Firstly in Sect. 2 we shall recall, using real Majorana representation, the 
TV-extended D = 4 Poincare algebra as expressed in terms of projected su- 
percharges. In Sect. 3 we introduce for even N (N = 2k) the projected 
supercharges, which before the contraction are rescaled by powers of c in ho- 
mogeneous way. In Sect. 4 we shall perform the nonrelativistic contraction 
limit c — > oo providing the supersymmetrization of seven Galilean genera- 
tors, H, Pi, Bi and all central charges. We show as well how in the presence 
of arbitrary Galilean central charges the Hamiltonian positivity condition is 
modified. In final Sect. 5 we consider the link with recently derived Galilei 
conformal supalgebra [H [2] , simplification of central charges sector by chang- 
ing by similarity transformation the U(N) basis of supercharges, and we 
provide remarks about the Galilean tensorial central charges. We stress that 
our calculations can be performed as well in complex Weyl supercharges ba- 
sis, and we plan to use it in the future discussion of the realizations of Galilei 
superalgebra with central charges. 

We add that recently there were considered the nonrelativistic super-p- 
branes [211 122] and supersymmetric Z)-branes [23] . Following the relativistic 
considerations (see e.g. [24]) one can conjecture that the nonrelativistic cen- 
tral charged should be associated with topological defects, e.g. with vortices 
(superstrings) or domain walls (supermembranes). 

2 Relativistic D=4 Extended Poincare Super- 
algebras with Central Charges 

The general iV-extended D=4 Poincare superalgebra in real Majorana for- 
mulation is described by 

i) 4iV real supercharges Q r A (r = 1, . . . N, A — 1 ... 4) 
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ii) Poincare algebra generators P u = (P Q ,Pi), M M „ = (Mj = ^SijkMjk, 
N l = M l0 ) 

iii) Internal U(N) symmetry generators represented by a pair of symmet- 
ric (TTj = TAp and antisymmetric (TT s s = — Tj^"s) sets of anti-Hermitean 
generators, satisfying the relations 



(3) 



One can check that the axial generator A = TTg\ commutes with T7^% , 
and can be separated out (U(N) = SU(N) © U{1)); the traceless generators 
TTg\ = T rs — -^5 rs j4 and XT|\ describe then the internal symmetry SU(N). 

iv) The set oiN(N-l) real central charges X rs = -X sr , Y rs = -Y sr . 

The basic iV-extended SUSY relation has the following form (see e.g. [9]) 



\rpsr rptu 1 

I 1 (5)' J (5)J 


zrtrpsu 
-° 1 (A) 


i xstrpru 
"T (A) 


, xsurnrt 
T J (A) 


i xrurpst 
~r (A) 


fT^sr rptu 1 
L J (5)' J (A)J 


zsurprt 
~° 1 (S) 


i xrurnst 
+ I (S) 


Zstrpru 

1 (s) 


Zrtrpsu 

1 (s) 


fflSf rptu 1 

[ J (A) ' (A)J 


Xrtrp.su 
~° (A) 


zstrpru 
6 ± {A) 


i Ssurprt 
~+~ (A) 


irurpst 
° 1 (A) 



{Qai Ob) = 5 rs (rC) AB P, + X- Cab + Y rs ( l5 C) AB , (4) 

where we use real Majorana realization of Dirac matrices satisfying the rela- 
tions 

7< = 7* T = 7o = -7? 7s = -7? • ( 5 ) 

The bosonic-fermionic sector of the superalgebra (covariance relations) looks 
as follows: 



[M^,g^] = -i( ( x Mi ,) AB Q r B (6a) 
[^ ) ,g^] = (75)/(r (5) '- s ) t u Q^ 

[^),^ = (*(a7)\,QX (6b) 

[X- Q*J = [y™, Q*J = , (6c) 
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where the N x N matrices , rf^ are the fundamental matrix realizations 
of algebra (J3J). 

The Abelian charges X rs ,Y rs form the tensorial (2,0) representation of 
internal symmetry U(N). Introducing complex generators 

T rs = T{° } + i T(X) Z rs = X rs + i Y rs , (7) 

one gets the standard covariance relations for the holomorphic (2, 0) — U(N) 
tensors 

[T rs , Z tu ] = 5 rt Z su + 5 st Z ru - 5 ru Z st - 5 SU Z rt . (8) 

If we assume that the central charges Z rs are described by a numerical 
matrix ZJny their presence breaks internal U(N) symmetry. For a definite 
configuration of numerical values of Z^ one can determine the residual in- 
ternal symmetry with the generators commuting with the constant matrix 
of central charges, (see e.g. [25J). 

3 Projection Procedure and New Form of N- 
extended D=4 Poincare Algebra 

Before performing the nonrelativistic contraction c->oowe shall introduce 
the projected supercharges. We shall use the following projection operators 
(see also pQ) 

P±AB = U 5r ' S AB + WC afi ) , (9) 

where Q rs = —Q sr and Q 2 = —1. Because C 2 = -1 we get the required 
projector properties 

prs pst _ prt prs -pst _ r\ ( MW 

r ±AB r ±BC — r ±AC r ±AB r ^BC ~ u • l iu J 

If we define projected supercharges as follows (r, s = 1 . . . N = 2k) 

Q±a = P±ab Qb > (H) 

from OU) we get 

{Ql A , Ql B ) = P±ab Po + P±ac {Ccb XX + (75 C) CB Yl s ) 

(12a) 

{Q+Ai Q-b) = P+Acif C)cb Pi + P? AC {Ccb X^ + ( 7s C) CB Y?) (12b) 
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where 

X ± tt = ±ttX± Y ± tt = ±ttY ± , (13) 
or more explicitly (for Y± the formulae are analogous) 

where ^4 = — v4 T , S = I? T , 5 = — B T are fc x k matrix blocks and dimX + = 
k 2 , dimX_ = k(k-l). 

The nonvanishing commutators with projected supercharges following 
from relations (El) are 





— \{° 'fiu) A Q ] ±B 


' Q±a\ 


= (7 5 )/i 


' rs\t /O u 
v r +(S) J u V T B 


[TL S (s) ' Q±a] 


= (75)/' 


rs\t r\ u 


[T+(a),Q± a } 


= frK# 




l T -(A),Q± A ] 


= (--(at: 





(15) 



where 2$ = Tfo, + T^ s) , 2ft = T™ A) + and 

2±(s) ^ = ±fi T±(s) T ±( A) = ±fi T ±( A) • (16) 
The relations ( Fl6|) imply that 

n • h = -e T n m = (r_ (s) , t +(a) ) (i7a) 

n-K=-K T n K= (T +(5) ,T_ (A) ) . (17b) 

The symplectic condition ( 11 7a[) restricts the N x N (N = 2k) matrix realiza- 
tions of the U{2k) generators to the subalgebra USp(2k) = U(2k) fl Sp(2k), 
i.e. 

U = us V (2k)^U(k;H) K=^My. (18) 
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The pair (lisp describes the symmetric Riemannian pair (H, IK) satisfying the 
relations 

[H, I]ci [H, K]cl [K,I]ci. (19) 
We obtain as well (Q r +A C Q±) 

P,Q±]cQ ± 

[K,Q ± ]cQ T . (20) 

The 2k(2k — 1) central charges Z = (X rs ,Y rs ) are split into the following 

two sets 

Zi = (X^, Y* s ) Z 2 = (Xi s , Yl s ) , (21) 

both with equal dimensionality 2 (2 A; — 1). We see from (I12al - |12b|) that the 



central charges Zi occur in the anticommutator {Q±,Q±}, and Z 2 in the 
anticommutator {Q±,Q T }- 

The supercharges (fTTl) due to the relation ffTUj) satisfy the constraints 

P; s ab Q±B = • (22) 

Choosing in fl9 HTT|) 

a=(1. l k ) (23) 



> - 1 * , 

one can express (|22|) as the following relation between the 2k components of 
Q r - 

Qi + 2 = T(lo)A B Qi B (i = l...k), (24) 

where we inserted C = 70. We see therefore that in the algebraic rela- 
tions f ll2aUl2bl) the independent components are described by indices r, s = 
1,2. ..k. 

4 Nonrelativistic Contraction Procedure and 
the Extended Galilei Superalgebras 

In previous section we prepared the algebraic framework convenient for ob- 
taining the finite nonrelativistic c — > 00 limit. 

Let us supplement the rescalings (T5]) by the following ones (see also |26j) 

Q; a = \Qa Ql A = V~cS r A . (25) 
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Introducing the split 
we postulate further 



X r + S = Ztt rs + XL 3 (26) 



Z = -\m c + lu + O^) 

x r + s = -u r + s + o{\) 

c & 

yrs = 1 jjrs + Qll_S ( 2 7) 
C & 

and assume that (X™,Y+ S ) have the finite c — > oo limits (VT S , V+ s ). Using 
the identities 

-P±ac Ccb VL S = ±2 P± AB (28) 

we obtain from (I12a|ll2bl) in the limit c — > oo the following basic Galilei 
superalgebra relations 

{Q r A , Q s b] = P r + S AB (H + U) + P% c {Ccb U? + (75 C)cb U H ) (29a) 
[q a , S S B ) = P™ AC W C) C B B t + Pl\ c [Ccb V! s + (75 C) CB V?) (29b) 

{s r A ,S B }=P r _ s AB -2m . (29c) 

The consistent c — > 00 limit of f lTB^) requires that the generators ffTS]) are 
rescaled as follows: 

e = e k = cK. (30) 

One obtains 



[Mi,Q r A ] = -\W l ) A B Q B 

[M l ^ A ] = -\{a l ) A B S r B (31a) 
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[B i ,Q r A \ = [B i ,S% = (31b) 



[TL\ S ) i Qa] 


= (75)/' 




1**0% 




= (75)/( 




t QU 

u J B 


[T+(A) > Qa] 


= ( T +(A) 


YuQ u a 




\rprs Q 1 1 

[ 1 +(A)^A\ 


= ( T +(A), 


1 u D A 





(31c) 



' Qa] — ' ^a] — 

[fq A) ,Q^] = [r: s (A) ,^] = o. (3id) 

Using the relations ( TT9|) we obtain after the contraction c — > 00 that 

H G USp(2k) ~ U(k, H) (32) 

and the generators IK become Abelian, transforming as the linear represen- 
tation of the internal symmetry algebra HI. 

Because [H, K] ~ K are the only nonvanishing commutators of the con- 
tracted generators K, one can consistently remove these generators from the 
Galilei superalgebra G^ 2k \ which can be described as the semidirect product 

G (2fc) = (0(3) © U(k; H)) x A (33) 

where A is the superalgebra described by the relations (l29aH29cl) . Using the 
consequences of the formulae (jHJ), ({TBI and <HM 

tr {P± AB ) = 4N tr(fi U+) = (34) 

one obtains that 

H + U=-^Q A Q r A >0 (35) 

and 

mo= 8^^-°- (36) 
The relation fl35l) describes the generalization of the energy positivity condi- 
tion in the presence of general central charges. 
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5 Final Remarks 



The aim of this paper is to present the most general extended Galilei su- 
peralgebra in D=4. The supersymmetrization is obtained by nonrelativistic 
contraction of iV-extended Poincare superalgebra for even N = 2k. The ne- 
cessity of even N can be explained if we observe that the compact Galilean 
internal symmetry is described by quaternionic algebra U(k;H) = USp(2k) 
which requires even number of complex supercharges. Also it should be 
mentioned that for N = 2k we are able to supersymmetrize (i.e. express as 
bilinear expression in terms of supercharges) the seven- dimensional Abelian 
subalgebra (H,Pi,Bi) of D=4 Galilei algebra (see (jTJ) as well as Abelian 
central charges. We conjecture that such full supersymmetrization requires 
N = 2k.E 

In relation with presented algebraic structure of D=4 2/c-extended Galilei 
superalgebra we have the following comments: 

i) If we put all central charges equal to zero it can be checked that the 
extended Galilei superalgebra can be obtained as the sub-super algebra of 
extended Galilei conformal superalgebra [U [2]. Such sub-superalgebra can 
be obtained by considering only half of Galilean conformal supercharges, 
and putting the generators D (dilatations), K (expansions) and Fi (Galilean 
conformal translations describing constant accelerations) equal to zero. It 
can be recalled that in both Galilei and Galilei conformal superalgebras the 
internal compact symmetries are described by the algebra U(k; H). 

ii) An interesting task is to consider the Hilbert space realizations of 
extended Galilei superalgebras with central charges. Before this task one 
can consider the unitary transformations U(k) putting the antisymmetric 
Galilean central charges U rs = —U sr , V rs = —V sr in Jordanian form 

U rs = (i a 2 ) ® diag . . . u k ) 

(37) 

V rs = (i a 2 ) ® diag(vi ...v k ) 

For studying the realizations it is more convenient to consider the su- 
peralgebra fl29aH29cl) written in terms of two-component complex (Weyl) 

2 An argument in this favour is provided by an effort of obtaining N = 1 supersym- 
metrization of Galilei conformal algebra [24] which does not lead to Hamiltonian as bilinear 
form in terms of supercharges. 



10 



supercharges^. It is interesting, following the discussion of relativistic case 
(see e.g. [25]), to consider the structure of nonrelativistic particle states in 
the presence of central charges e.g. if N = 4 (k = 2) and N = 8 (k = 4). 

iii) We restricted our considerations to the case with scalar central charges 
[8], however recently, following the importance of D = 11 M-algebra, there 
were considered generalized D=4 superalgebras with tensorial central charges 
(see e.g. [27JI2B]). These generalized space-time algebras should have also the 
nonrelativistic c — > oo limit related with nonrelativistic superstrings [211 122] 
and supermembranes |23j . 

Acknowledgments 

The author would like to thank P. Horvathy, E. Ivanov and P. Kosihski for 
discussion and Polish Ministry of Science and Higher Education (projects 
NN202318534 and NN202331139) for financial support. 

References 

[1] J. A. de Azcarraga and J. Lukierski, Phys. Lett. 678B, 411 (2009); 
arXiv:0905 [math-ph] 

[2] M. Sakaguchi, larXiv: 0905 .0188 [hep-th] 

[3] V. Bargmann, Ann. Math. 59, 1 (1954). 

[4] J.M. Levy-Leblond, in E. Loebl "Group Theory and Applications", 
Acad. Press. New York (1972). 

[5] A. Ballesteros, M. Gadella and M.A. Del Olmo, J. Math. Phys. 33, 3379 
(1992). 

[6] J. Lukierski, P. St ichel and W.J. Zakrzewski, Ann. Phys. 260, 224 (1997) 
( |hep-th/9612017p . 

[7] E. Indnu and E.P Wigner, Proc. Nat. Acad. Sci (USA) 39, 510 (1953). 

[8] R. Haag, J. Lopuszahski and M. Sohnius, Nucl. Phys. B88, 257 (1975). 

3 In Wejd representation the 75-matrix is replaced by complex unit i, i.e. one gets 
Q±A + 75 Sit -> Q± a + iS£ a (a = 1, 2) and U rs + 7 5 V rs -> Z rs = U rs + i V rs . 



11 



[9] S. Ferrara and M. Porrati, Phys. Lett. B423, 255 (1998) 
(|hep-th/971lTT6|. 



[10 

[11 
[12 

[13 

[14 

[15 

[16 

[17; 

[18 
[19 

[20 
[21 

[22 

[23 

[24 



R. Puzalowski, Acta Phys. Austr. 50, 45 (1978). 

C.R. Hagen, Phys. Rev. D5, 377 (1972). 

U. Niederer, Helv. Phys. Acta 45, 802 (1972). 

J. Beckers and V Hussin, Phys. Lett. A118, 319 (1986). 

J.P. Gauntlett, J. Gomis and P.K. Townsed, Phys. Lett. B248, 288 
(1990). 

M. Leblanc, G. L ozano and H. Min, Am. Phys. (NY) 219, 328 (1992) 
( |hep-th/9206039| . 

Q. Bargman a nd C.B. Thorn, Phys. Rev. D52, 5980 (1995) 
dhep-th/9507007] . 

C. Duval and P.A. Horvathy, J. Math. Phys. 35, 2516 (1994) 
( |hep-th/0508"079| . 

M. Henkel and J. Unterberger, Nucl. Phys. B746, 115 (2006) 
( |math-phys/0512024p . 

M. Sakaguchi and K.Yoshida, J. Math. Phys. 49, 10230 (2008) 
flarXiv:0805.2661l [hep-th]); JHEP 0808:049 (2008) flarXiv:0806.3612l 
[hep-th]) 



W.J. Zakrzewski, Phys. Lett. B639, 389 (2006) (hep-th/0602198). 

J. Gomis, K. K amimura and P. Townsend, JHEP 0411:051 (2004) 
( |hep-th/04092l9| . 

J. Brugues, T. Curtright, J. Gomis and L. Mezincescu, Phys. Lett. B594 
227 (2004) ( hep-th/0404T75| . 

J. Gomis, F. Passerini, T. Ramirez and A. Van Proeyen, JHEP 0510:007 
(2005) (hep -th/0507135l ). 

A.B. Bagchi and J. Mandal, Phys. Rev. D80:086011 
f2009 VlarXiv:0905.0 580 [hep-th]). 



12 



[25] S. Ferrara, C.A. Savoy and B. Zumino, Phys. Lett. B100, 393 (1981). 

[26] J. A. de Azcarraga and D. Ginestar Journ. Math. Phys. 32, 3500 (1991). 

[27] J. A. de Azcarraga, J. P. Gauntlett, J.M. Izquierdo and P.K. Townsend, 
Phys. Rev. Lett. 63, 2443 (1989) 

[28] J. Gauntlett, G.W. Gibbons, CM. Hull and PK. Townsend, Comm. 
Math. Phys. 216, 431 (2001) ( |hep-th/000i024l ). 



13 



